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Abstract 
Coriolis mass flowmeter (CMF) is generally regarded as a linear system when the vibration amplitude of the measuring tube is 
relatively small, but the spectrum of its output signals still show existence of some multiple frequency components. Taking into 
consideration the nonlinear factors and external excitation, the motion equations of the CMF straight measuring tube are estab-
lished by properly simplifying the boundary conditions of the measuring tube and integrating the mathematical model of the 
CMF sensor. In addition, the motion equations are discretized with the Galerkin method, and from the discretized results, it is 
discovered that the system contains a group of nonlinear factors. By using a laser vibrometer, the state of the closed loop reso-
nant vibration of the measuring tube and the forced vibration of the standard sine signal are measured. The results show that both 
contain nonlinear factors just as the nonlinear analysis had expected. Experiments have been undertaken to verify the measure-
ment accuracy of the measuring tube with different vibration amplitudes, which evidences that nonlinear influences become 
more serious with the vibration amplitude rising. The theoretical analysis and experimental results are expected to be of great 
value for further improvement of CMF performance.  
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1. Introduction1 
As one of the high-precision devices to directly 
measure the mass flow of fluid, the Coriolis mass 
flowmeter (CMF) has found wide application in a va-
riety of industries, such as, aeronautical industry, 
aerospace industry, petrochemical industry, food pro- 
cessing industry, and so on. CMF, through the me-
chanical vibration of the measuring tube, produces 
Coriolis effects that are sensitive to the mass flow of 
the fluid to be measured. It is generally regarded as a 
linear system when the vibration amplitude is rela-
tively small. In their experimental researches on the 
influences of pulsation flow, in 1998, Britain scientists 
R. Cheesewright, et al.[1] found that there were excita-
tion signals, with 2-4 frequency multiplication, in the 
spectrum from the measuring tube, which were sus-
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pected to be caused by nonlinear effects. Since then, 
few articles have been found on the nonlinear vibra-
tion of CMF sensor. This article uses the analytical 
method to perform a theoretical study on the straight 
CMF tube, its nonlinear vibration characteristics, and 
the influences on CMF, and then carries out verifica-
tion through experiments. The results substantiate the 
correctness of the discovery in Ref.[1]. Moreover, this 
article also makes clear the relationship between vibra-
tion amplitude and sensitivity, through experiments. 
2. Model Analysis with Nonlinear Factors Con- 
sidered 
2.1. Basic assumptions and approximations  
The following assumptions are made for the CMF 
straight tube type as shown in Fig.1[2-4], where V is the 
flow velocity, P the pressure of fix end, ( )f t  the 
harmonic exciting force, and ( , )w x t  the offset, L the 
length of the measuring tube, cm  the mass of exciting 
unit, lm  and rm  are the mass of detecting units, this 
two detecting units’ distance is s, the distance from 1000-9361© 2009 Elsevier Ltd. Open access under CC BY-NC-ND license.
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each unit of cm , lm , and rm  to the left fixed end is 
cx , lx , and rx . 
Of the lateral and axial displacements of the mea- 
suring tube, only the former is taken into considera-
tion. 
The measuring tube is fully filled with the fluid to 
be measured, which has the same displacement and 
deflection angle as the tube itself. 
 
Fig.1  Schematic construction diagram of the measuring 
tube of CMF straight type. 
Generally, the measuring tube is 10 times as long as 
its diameter, and is assumed to vibrate with its inherent 
frequency. The measuring tube is treated as Euler 
beam by neglecting its rotational inertia and transver-
sal shear deformation.   
The measuring tube has a slight damping over the 
vibration period and an excitation frequency close to 
its inherent frequency, so the measuring tube is 
thought to vibrate free of damping.  
The effects of the gravity of the measuring tube, and 
the exciting and detecting units on the measuring re-
sults are neglected.  
The simple harmonic exciting force ( )f t  is assum- 
ed to act on the midpoint of the tube length with the 
amplitude remaining unchanged: 0( ) cos( )f t F t: . 
The wavelength of the pulsating flow is far greater 
than the length of the measuring tube, and the fluid to 
be measured is supposed to evenly distribute along the 
pipe, changing in a simple harmonic manner with time. 
The velocity of the flow is 
0 f(1 cos( ))v v tK Z              (1) 
where K  is the pulse coefficient. 
2.2. Establishment of motion equation for the mea-
suring tube 
Based on the aforementioned assumptions, the mo-
tion equations of the measuring tube are formulated in 
the coordinates shown in Fig.1 by means of a force 
balance method, in which the lateral displacement of 
the measuring tube is expressed by ( , )z z x t . Let 
dx  be a lengthways differential element; then Fig.2 
shows the force conditions of the tube and fluid ele-
ments. 
In Fig.2, qW  and nq  represent the tangential and 
normal forces acting on the unit length between the 
fluid and the tube wall, respectively; p is the fluid 
pressure; M and Q are the bending moment and shear-
ing force acting on the cross-section of the tube; and T 
is the axial force on the cross-section of the tube, fm  
the mass of fluid micro element, tm  the mass of tube 
micro element. 
 
Fig.2  Schematic diagram of force conditions of fluid 
and tube elements. 
In deducting the motion equations, the relevant 
forces shown in Fig.2 need to be resolved in the x and 
z directions. 
The inclination angle of any point on the tube to the 
x direction is: /z x zT c w w  . Since the angle T  is 
quite small, by assuming T  to be ( )O e  and Taylor 
expanding sin T  and cos T  at 0T  , the following 
can be obtained: 
3
2
sin ( )
cos 1 ( )  
O e
O e
T T
T
½|  °¾|  °¿
           (2) 
Neglecting the second and higher order terms leads 
to sin T T|  and cos 1T | . 
By choosing a fluid particle randomly in the tube 
and neglecting the changes of velocity caused by the 
deformation of the tube, the fluid velocity can be de-
scribed as  
f ( )v z vzc  V i j              (3) 
where i  and j  represent the unit direction vector in 
the x and z directions, respectively, and “Ú” and “' ” are 
the derivatives with respect to time and space, respec-
tively. 
By partially differentiating Eq.(3) with respect to 
time t, the fluid acceleration can be obtained as follows 
2
2
f ( 2 )
zv z v vz v z
x t
w c cc    w wa i j        (4) 
For a fluid element on the length of xG , the force 
balance equation can be expressed as follows 
In x direction: 
į( cos ) sin( )
2n
xpA q
x x
TT Tw w   w w  
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f
įcos( ) 0
2
xq m v
xW
TT w   w          (5) 
In z direction: 
2
2
f f
į( sin ) cos( ) sin(
2
į ) ( 2 ) 0
2
n
xpA q q
x x
x zm g m z v vz v z
x x t
W
TT T T
T
w w   w w
w w c cc      w w w 
澥
  (6) 
For a tube element on the length of xG , the force 
balance equation can be expressed as follows 
In x direction: 
į( cos ) ( sin ) sin( )
2
įcos( ) 0
2
n
xT Q q
x x x
xq
xW
TT T T
TT
w w w   w w w
w  w  (7) 
In z direction: 
t d t
į( sin ) ( cos ) cos( )
2
įsin( ) 0
2
n
xT Q q
x x x
xq m g F m z
xW
TT T T
TT
w w w   w w w
w     w   (8) 
where dF  represents the velocity damping the lateral 
vibration of the measuring tube. When an object 
moves at a relatively high Reynolds number in the 
fluid, dF  will be proportional to the square of velocity. 
Here, let 
2
d dF c z|                  (9) 
where dc  represents the damp coefficient for the 
square of velocity. 
The moment balance equation is 
0MQ
x
w  w               (10) 
From the beam bending theory[5-6]:  
Q EIzccc                 (11) 
where E and I represent the elastic modulus, and the 
cross-sectional moment of inertia respectively. 
By omitting the second and higher order terms in-
clusive of ( / )įx xTw w  and sin Q T , Eqs.(5)-(8) could 
be rewritten as  
f( ) 0npA q q z m vx W
w c    w         (12) 
f f
2
2
( ) (
2 ) 0
npAz q z q m g m zx
zv vz v z
x t
W
w c c    w
w c cc   w w

      (13) 
0n
T q q z
x W
w c   w            (14) 
2
t d t( ) 0n
QTz q z q m g c z m z
x x W
w wc c       w w     (15) 
By subtracting Eq.(13) from Eq.(15), the following 
could be acquired: 
2
f t d[( ) ] ( )
QT pA z m m g c z
x x
w wc     w w   
2
2
f t f( ) (2 ) 0
zm m z m v vz v z
x t
w c cc     w w    (16) 
By subtracting Eq.(12) from Eq.(14) and then inte-
grating the result on [x, L], the following could be ob-
tained: 
f( ) ( )x LT pA T pA m v L x          (17) 
where L and A are the length of the measuring tube, 
and the cross-sectional area of flow. 
When taking into account the axial elongation 
caused by lateral displacement, ( ) x LT pA    comprises 
the following three parts: the axial force caused by 
temperature changes and external factors, such as, 
manufacturing, installation, and so on, the additional 
axial forces[7-9] caused by the internal pressure of fluid 
in the measuring tube, and the additional axial forces 
obtained by the axial elongation due to lateral dis-
placement. Thus, the following could be obtained:  
 2t
 0
( ) (1 2 ) ( ) d
2
L
L Lx L
EAT pA T p A z x
L
J c     ³  (18) 
where tA  is the cross-sectional area of the tube wall, 
LT  the first kind of axial force at the end of the meas-
uring tube; (1 2 )Lp A J  the second kind of axial 
force, J  the Poisson’s ratio of the material; and the 
last term, the average value of the additional axial 
forces caused by lateral displacement.  
By substituting Eqs.(17)-(18) into Eq.(16) and omit-
ting the constant term, t f( ) ,m m g  the following 
could be obtained: 
 (4) 2t
f 0
2
2 2
f f d f t
[ (1 2 ) ( ) d (
2
)] 2 ( ) 0
L
L L
EAEIz T p A z x m v L
L
zx z m v z m v c z m m z
x t
J c     
wcc cc      w w
³ 
   
 (19) 
This is the motion equation of the straight CMF 
measuring tube in the absence of external excitation, 
although taking into account the nonlinear factors. Ob- 
viously, Eq.(19) contains the nonlinear square 
terms[10-11]. 
In a normal working condition, the CMF measuring 
tube is in the forced vibration state under the action of 
external excitation. The external exciting force ( )f t  is 
the concentrated force acting on the middle part of the 
tube (see Fig.1), which can be expressed in the fol-
lowing distribution form, with the į function: 
0( ) cos( ) ( / 2)f t F t x L: G          (20) 
Therefore, a differential equation of the vibration of 
the CMF measuring tube under the action of external 
excitation can be written as  
 (4) 2t
 0
2
2 2
f f f d
f t 0
[ (1 2 ) ( ) d
2
( )] 2
( ) cos( ) ( )
2
L
L L
EAEIz T p A z x
L
zm v L x z m v z m v c z
x t
Lm m z F t x
J
:
c    
wcc cc    w w
  G 
³
 
   (21) 
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Substituting Eq.(1) into Eq.(21), the following can 
be acquired: 
 (4) 2t
 0
2
f 0 f f f 0
2
2
f f 0 f
2
d f t 0
[ (1 2 ) ( ) d
2
( )sin( ) (1
cos( )) 2 (1 cos( ))
( ) cos( ) ( )
2
L
L L
EAEIz T p A z x
L
m v L x t m v
zt z m v t
x t
Lc z m m z F t x
J
KZ Z K
Z K Z
:
c    
  
wcc   w w
   G 
³
<
    (22) 
Eq.(22) is the motion equation of the CMF measur-
ing tube taking nonlinearity, simple harmonic pulsation 
flow, and external excitation into consideration. 
2.3. Approximate solution of motion equation 
(1) Discretization of motion equation 
To analyze the solution of the motion equation of 
the CMF measuring tube, the Galerkin method[12] is 
first used to discretize Eq.(22). Based on the first two 
orders of the vibration mode, the ( , )z x t  can be ex-
pressed as 
1 1 2 2( , ) ( ) ( ) ( ) ( )z x t x q t x q tM M|        (23) 
where 1( )xM  and 2 ( )xM  represent the first order and 
the second order undamped free vibration modes of the 
straight beam, which has the same geometrical pa-
rameters and boundary conditions as the measuring 
tube full of static fluid, 1( )q t  and 2 ( )q t  represent the 
first order and the second order generalized coordi-
nates.  
According to the vibration theory of beams, 1( )xM  
and 2 ( )xM  have orthogonality relations:  
 
1 2 12 0
4 2 t f
b4 0
( ) ( )d
d ( )( ) d         ( , 1,2)
d
L
L r
s s sr
x x x
m mxx x s r
EIx
M M G
MM Z G
½ °°¾ °  °¿
³
³
  (24) 
where b ( 1,2)s sZ   separately represent correspond-
ingly the first order and the second order inherent fre-
quencies.  
Substitute Eqs.(23)-(24) into Eq.(22); multiply both 
sides of the result by ( ) ( 1,2)s x sM  ; integrate the 
result on [0, L] and, meanwhile, introduce the follow-
ing symbols:  
 
 0
 
 0
 
 0
( ) ( )d
( ) ( )d
( ) ( )d
( , 1,2)
L
sr s r
L
sr s r
L
sr s r
b x x x
c x x x
d x x x x
s r
M M
M M
M M
­ c °° cc °®° cc °°  ¯
³
³
³
 
  3 2
11 1 12 1 2 0  0
  2 3
21 2 1 22 2 0  0
d ,  d
d ,  d
L L
L L
e x e x
e x e x
M M M
M M M
  
  
³ ³
³ ³
 
By taking advantage of the orthogonality of ( )s xM  
and the values of srb , src , and srd  and after rear-
rangement, the following expressions can be acquired:  
2
t f 1 f 0 12 2 f 0
2
2
11 1 t f b1 1 f 0 12 2
2
2 2
f f 0 f f 0 f
f 0 f f 11 1 f 0 f 11 1 12 2
2 3t
f 11 1 11
( ) 2 [ (1 2 )
(1 )] ( ) 2
2
cos( ) (2 cos( ) cos(2 )
2
sin( )) ( )
sin( ) (
2
L Lm m q m v b q p A T m v
c q m m q m v b q
t m v t m v t
m v L t c q m v d q d q
EAt c q c c
L
J
K Z K
KZ K Z Z
K Z Z K Z
Z
     
   
  
 
 
  <
 <
<
2 2
22 1 2 d 11 1
2
12 1 2 21 2 1 0
) (
2 ) ( ) cos( )
2
q q c e q
Le q q e q F tM :
 
  

    
  (25a) 
2
t f 2 f 0 21 1 f 0
2
2
22 2 t f b2 2 f 0 21 1
2
2 2
f f 0 f f 0 f
f 0 f f 22 2 f 0 f 21 1 22 2
2 3t
f 22 2 11
( ) 2 [ (1 2 )
(1 )] ( ) 2
2
cos( ) (2 cos( ) cos(2 )
2
sin( )) ( )
sin( ) (
2
L Lm m q m v b q p A T m v
c q m m q m v b q
t m v t m v t
m v L t c q m v d q d q
EAt c q c c
L
J
K Z K
KZ K Z Z
K Z Z K Z
Z
     
   
  
 
 
  <
 <
<
2 2
22 1 2 d 12 1
2
21 1 2 22 2 2 0
) (
2 ) ( ) cos( )
2
q q c e q
Le q q e q F tM :
 
  

  
 
(25b) 
By introducing a small parameter İ and letting 
K HK   
f 0
11 12
t f
2
2
f 0
2
12 11 b1
t f
2
(1 ) (1 2 )
2 L L
m va b
m m
m v T p A
a c
m m
K J
Z
 
   
 
 
f 0
21 21
t f
2
2
f 0
2
22 22 b2
t f
2
(1 ) (1 2 )
2 L L
m va b
m m
m v T p A
a c
m m
K J
Z
 
   
 
 
f 0 f
2
t f
2
f 0
3
t f
2
2 f 0
5
t f
( )
2
2( )
( 1,2)
r rr rr
r rr
r rr
m vh Lc d
m m
m vh c
m m
m vh c
m m
r
ZK
K
K
­  ° °°  ° ®°°  ° °  ¯



 
f 0 f 0
11 12 21 21
t f t f
2 ,  2m v m vh b h b
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K K       
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f 0 f f 0 f
14 12 24 21
t f t f
,  m v m vh d h d
m m m m
Z ZK K       
2t t
a 11 b 11 22
t f t f
2t d 11
c 22 d
t f t f
,  
2 ( ) 2 ( )
,  
2 ( )
EA EAh c h c c
L m m L m m
EA c eh c h
L m m m m
H H
H H
   
   
 
d 12 d 21
e f
t f t f
d 22
g
t f
,  c e c eh h
m m m m
c eh
m m
H H
H
    
  
 
then, Eq.(25) can be rewritten as  
1 11 2 12 1 11 2 f
12 1 f 13 1 f 14 2 f
2 3 2 2
15 1 f a 1 b 1 2 d 1
2 0
e 1 2 f 2 1
t f
( cos( )
sin( ) cos( ) sin( ))
cos(2 ) (
2 ) ( ) cos( )
2
q a q a q h q t
h q t h q t h q t
h q t h q h q q h q
FLh q q h q t
m m
H Z
Z Z Z
H Z H
M :
   
  
   
  
  

    (26a) 
2 21 2 22 2 21 1 f
22 2 f 23 2 f 24 1 f
2 3 2 2
25 2 f c 2 b 1 2 e 1
2 0
f 1 2 g 2 2
t f
( cos( )
sin( ) cos( ) sin( ))
cos(2 ) (
2 ) ( ) cos( )
2
q a q a q h q t
h q t h q t h q t
h q t h q h q q h q
FLh q q h q t
m m
H Z
Z Z Z
H Z H
M :
   
  
   
  
  

    (26b) 
It is obvious that after having been discretized by 
the Galerkin method, the motion equation of the CMF 
measuring tube is converted into a coupled 2 degrees 
of freedom (2-DOF) vibration problem, including 
nonlinear terms, under the combined action of pa-
rameter excitation and external excitation. Thus the 
vibration of the measuring tube, that is, the approxi-
mate solution of ( , )z x t  can be obtained from Eq.(23) 
as long as the solutions of 1( )q t  and 2 ( )q t  have been 
found. 
(2) Influences of nonlinear factors on the vibration 
characteristics of CMF measuring tube 
Taking into account the action of steady flow (K   
00, )v v , the following discrete differential equation 
can be achieved for the vibration of the CMF measur-
ing tube under the action of steady flow from Eq.(26), 
taking into consideration the nonlinear factors:  
3 2 2
1 11 2 12 1 a 1 b 1 2 d 1
2 0
e 1 2 f 2 1
t f
3 2 2
2 21 1 22 2 c 2 b 1 2 e 1
2 0
f 1 2 g 2 2
t f
(      
       2 ) ( ) cos( )
2
(     
       2 ) ( ) cos( )
2
q a q a q h q h q q h q
FLh q q h q t
m m
q a q a q h q h q q h q
FLh q q h q t
m m
H
M :
H
M :
½      °°  ° °¾      °°°   °¿
  
  
  
  
 (27) 
In engineering applications of CMF, the flow velo- 
city of the fluid to be measured is relatively low and 
thus has a relatively small influence on the inherent 
frequency of the measuring tube[13-14]. For the conven-
ience of making a qualitative analysis using the multi-
ple scale method, suppose the influences of fluid pres-
sure and axial stress of the tube are so minor that they 
can be omitted, then it can be assumed that, 
2
2 b        ( 1,2)r ra rZ|           (28) 
Meanwhile, let 11a  and 21a  be small enough and 
have the same order as ,H  and  
1 1        ( 1,2)r ra a rH            (29) 
Since b1: Z| , when the CMF measuring tube is 
under normal working conditions, another detuning 
parameter V  is introduced. Let  
2 2
b1: Z HV              (30) 
By substituting Eqs.(28)-(30) into Eq.(27) and rear-
ranging, the following can be obtained:  
2 3 2 2
1 1 1 11 2 a 1 b 1 2 d 1
2 0
e 1 2 f 2 1
t f
2 3 2 2
2 b2 2 21 1 c 2 b 1 2 e 1
2 0
f 1 2 g 2 2
t f
(  
       2 ) ( ) cos( )  
2
(
       2 ) ( ) cos( )  
2
q q q a q h q h q q h q
FLh q q h q t
m m
q q a q h q h q q h q
FLh q q h q t
m m
: H V
M :
Z H
M :
½       °°  ° °¾      °°°   °¿
   
  
   
  
 
(31) 
Thus, the discretized differential equation for the 
vibration of the CMF measuring tube, taking into con-
sideration the nonlinear factors and the action of 
steady flow, is simplified into a 2-DOF nonlinear vi-
bration equation with the left side uncoupled.  
Express 1( )q t  and 2 ( )q t  as the first order expansion 
of H using the multiple scale method as follows  
0 0 1 1 0 1
2
2 0 1
( ) ( , ) ( , )
( , )          ( 1,2)
r r r
r
q t q T T q T T
q T T r
H
H
  
  "       (32) 
and let 
0
1 1
t f
0
2 2
t f
( )   
2
( )
2
FLF
m m
FLF
m m
H M
M
½ ° °¾° ° ¿

         (33) 
By substituting Eqs.(32)-(33) into Eq.(31) and com-
paring the coefficients of H  with the same power on 
both sides of the equal mark, the 0H  and 1H  order 
expansion formula of Eq.(31) can be derived, respec-
tively, as follows  
2 2
0 10 10
2 2
0 20 b2 20 2 0
0
cos( )  
D q q
D q q F T
:
Z :
½  °¾  °¿
     (34) 
2 2
0 11 11 0 1 10 10
3 2 2
11 0 20 a 10 b 10 20 d 0 10
2
e 0 10 0 20 f 0 20 1 0
2
( )
2 ( ) cos( )
D q q D D q q
a D q h q h q q h D q
h D q D q h D q F T
: V
:
    
   
 

  (35a) 
2 2
0 21 b2 21 0 1 20 21 0 10
3 2 2
c 20 b 10 20 e 0 10
2
( )
D q q D D q a D q
h q h q q h D q
Z    
  

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2
f 0 10 0 20 g 0 202 ( )h D q D q h D q       (35b) 
Assuming the solution of Eq.(34) is 
10 1 1 0
20 2 1 b2 0 2 0
( )exp( j )
( )exp( j ) exp( j )   
q A T T c
q A T T B T c
:
Z :
  ½¾   ¿
 (36) 
where c is the error of expansion formula, then 
2
2 2 2
b22( )
FB Z :             (37) 
By substituting Eq.(36) into Eq.(35), the frequency 
components contained by the square and cubic non-
homogeneous terms at the right side of the linear par-
tial differential equations relevant to 11q  and 21q  (see 
Table 1) could be deduced.  
Table 1 Frequency components contained in nonho-
mogeneous items 
Nonhomo- 
geneous 
items 
2
0 10( )D q  
2
0 20( )D q  0 10 0 20D q D q
3
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Frequency 
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2:  b2
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2 ,2: Z
Z :r  b2
2:
Z :r  3
:
:
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10 20q q  
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10 20q q   
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b2 b2
b2
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2
2
: :
Z Z
: Z
Z :
r
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b2
b2
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2
2
Z :
: Z
Z :
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According to the superposition law of the linear 
system, 11q  and 21q  have the following frequency 
components[15]: 
b2 b2 b2 b2 b2,2 ,3 , ,2 , ,2 ,2: : : Z Z Z : : Z Z :r r r  
Moreover, 21q  also contains the components of 
b23Z  frequency. By further analyzing 2H  and other 
higher order expansion formule using the multiple 
scale method, it is understood that 1rq  and 2rq  ( 2,r   
3, )" also contain other multiple frequencies and a 
combination of :  and b2Z . 
From the above-mentioned analysis, it is clear that 
the vibration ( , )z x t  of the CMF measuring tube con-
tains many frequency components, such as :  and its 
multiplication, b2Z  and its multiplication, and the 
combination frequencies formed with :  and b2Z . In 
this article, vibration components other than :  are 
called additional vibration components, and are caused 
by nonlinear factors. Among them, b2Z  and its multi-
plication and combination frequencies formed by b2Z  
and :  are relevant to the free vibration terms con-
tained in 20q . With there being no super-harmonic 
consonant, its amplitude will attenuate to zero, due to 
damping. Therefore, the main components of the vi-
bration of a measuring tube are :  and its multiplica-
tion and the vibration amplitude of the additional com- 
ponents decrease with an increase in the multiplication 
number, due to the effect of ( 1,2, )i iH  "  in Eq.(32). 
This analysis cannot show the difference in magni-
tude between the vibration amplitudes of frequency 
2:  and 3:  appearing simultaneously in the expan-
sion formula of 1H  order, but the intensity of square 
and cubic nonlinear terms should be able to reflect it 
since the additional components of frequency 2:  
and 3:  are caused by square and cubic nonlinear 
terms. 
3. Experimental Research on Nonlinear Factors 
From the above-mentioned analysis, it is understood 
that the nonlinear terms in the motion equations give 
birth to nonlinear vibration factors in a CMF measur-
ing tube. To verify the existence of nonlinear vibration 
factors, the vibration state of the tube has been mea- 
sured with a Polytec laser vibrometer in the laboratory 
and the corresponding spectrum analyzed[16]. Two ex-
perimental procedures are described as follows:  
Experiment 1  The CMF measuring tube itself is 
actuated and made to work in the simple harmonic 
oscillation state with the closed loop oscillating circuit, 
and meanwhile, the vibration state of the measuring 
tube is measured with the laser vibrometer. Fig.3 
shows the results of spectrum analysis, with the am-
plitude of closed loop excitation signal being 1 V. 
 
Fig.3  Vibration spectrum of CMF measuring tube with 
closed loop working. 
Experiment 2  A signal generator is adopted to 
force the CMF measuring tube to work at the first or-
der inherent frequency point and different amplitudes 
are set for the excitation signal, namely, the vibration 
amplitude of the measuring tube is changed by chang-
ing the exciting force. Fig.4 shows the results from the 
comparison of vibration spectrums of the measuring 
tube determined at different amplitudes of excitation 
signals. 
In summary, Experiment 1 evidences the existence 
of nonlinear factors, such as frequency doubling and 
tripling, in the vibration of the measuring tube of the 
CMF sensor, and the amplitude of the signal decreas-
ing with the multiplication order increasing, which in 
turn verifies the theoretical analysis. Experiment 2 
changes the vibration amplitude of the measuring tube 
by means of the exciting voltage with different ampli-
tudes. From the comparison of the three diagrams (a), 
(b), and (c) shown in Fig.4, it can be seen that with the 
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change in amplitude of the exciting voltage, that is, the 
change in vibration amplitude of the measuring tube, 
the components of frequency multiplication in the vi-
bration of the measuring tube also change. When the 
amplitude of the exciting voltage is relatively high (i.e., 
the vibrating amplitude of the measuring tube is rela-
tively large), the amplitudes of nonlinear factors such 
as frequency multiplication and so on are also rela-
tively large and vice versa. Consequently, it can be 
seen that the vibration amplitude of the measuring tube 
exerts a direct influence on the amplitude of the 
nonlinear factors. 
 
 
 
Fig.4  Vibration spectrum of CMF measuring tube at 
different amplitudes of exciting signals. 
However, the vibration amplitude of the measuring 
tube has a direct relevance to the signal to noise ratio 
(SNR) of the CMF; the larger the vibration amplitude 
of the measuring tube is, the higher the SNR of the 
CMF is [17]. Therefore, there is a contradiction between 
the SNR and the anti-interference ability of CMF with 
respect to the nonlinear factors of vibration. In practice, 
both SNR and anti-interference ability of CMF are 
required to be as high as possible. This means it is 
necessary to increase the vibration amplitude of the 
measuring tube, and meanwhile, lower the nonlinear 
factors of vibration, namely, reduce the vibration am-
plitude of the measuring tube. Regrettably, so far, there 
is no way out for it both at home and abroad. In the 
CMF design, the optimal vibration amplitude of the 
measuring tube is often well determined through tests. 
Fig.5 shows the curves of the CMF measuring accu-
racy of a commercial Ø25 mm analogical straight tube, 
with different vibration amplitudes. 
 
Fig.5  Curves showing measurement accuracy of CMF 
tube with different vibration amplitudes. 
When the amplitude of the output signal of the 
measurement coil is 0.28 V, meaning the measuring 
tube has a moderate amplitude, the curve of the CMF 
measurement error appears quite smooth, and indicates 
a higher accuracy; when the amplitude is 0.20 V, 
meaning the vibration amplitude of the tube is rather 
small, the curve looks to have a remarkable fluctuation; 
when the amplitude is 0.35 V, meaning the tube is un-
der serious vibration, the curve is subjected to sharp 
fluctuations beyond the range of ±0.2%. Thus, it can 
be seen that the vibration amplitude of the CMF meas-
uring tube requires to be tested for possibly the best 
working properties, under concrete conditions, because 
of the need for increasing the vibration amplitude of 
the CMF measuring tube to improve its SNR as well as 
lower the nonlinearity of CMF.  
4. Conclusions 
On the basis of the proposed motion equations for 
the CMF measuring tube and through theoretical 
analysis and experiments, the following conclusions 
could be drawn: 
The influences that nonlinearity exerts on the vibra-
tion of the CMF measuring tube find chief expression 
in generating in the tube additional vibration compo-
nents dominated by the multiplication of the excitation 
frequency. Its vibration amplitude decreases with the 
increase in the frequency multiplication number. 
When the vibration frequency of the additional com- 
ponents equals to b2Z , 2q  generates a super-harmonic 
resonance and the nonlinearity cannot make the free 
vibration solution attenuate to zero[18], thus inducing 
the additional vibration components of the measuring 
tube onto b2Z . This would significantly distort the 
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relationship between the output signal of CMF cali-
brated on frequency b1Z  and the measured mass flow, 
thereby producing a relatively large measurement error. 
Therefore, during designing the structure of the meas-
uring tube, attention should be paid to keep the b2Z  
clear of the frequencies of additional components 
shown in Table 1, especially, the frequencies 2:  
b1(2 )Z  and b13 (3 ),: Z  to prevent the measuring tube 
from producing nonlinearity and to generate additional 
vibration components on b2Z . 
The vibration amplitude of the CMF measuring tube 
has a direct influence on the amplitude of nonlinear 
factors of vibration. The larger the vibration amplitude 
of the measuring tube, the more significant the non- 
linearity of vibration thus caused. On the other hand, 
smaller vibration amplitudes of the measuring tube 
would have a negative influence on the sensitivity and 
the anti-interference ability of the CMF. When design-
ing the vibration amplitude of the CMF measuring 
tube, experimental verification should be carried out, 
to find out the optimal vibration amplitude, based on 
concrete conditions.  
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